Abstract. A scheme X ⊂ P n of codimension c is called standard determinantal if its homogeneous saturated ideal can be generated by the t × t minors of a homogeneous t × (t + c − 1) matrix (f ij ). Given integers a 0 ≤ a 1 ≤ ... ≤ a t+c−2 and b 1 ≤ ... ≤ b t , we denote by W s (b; a) ⊂ Hilb(P n ) the stratum of standard determinantal schemes where f ij are homogeneous polynomials of degrees a j − b i and Hilb(P n ) is the Hilbert scheme (if n − c > 0, resp. the postulation Hilbert scheme if n − c = 0).
Introduction
The goal of this paper is to study maximal families of determinantal schemes. Recall that a scheme X ⊂ P n of codimension c is called determinantal if its homogeneous saturated ideal can be generated by the r × r minors of a homogeneous p × q matrix (f ij ) with c = (p − r + 1)(q − r + 1). If r = min(p, q), then X is called standard determinantal. X is called good determinantal if it is standard determinantal and a generic complete intersection.
Let Hilb(P n ) be the Hilbert scheme (resp. postulation Hilbert scheme, i.e. the Hilbert scheme of constant Hilbert function) parameterizing closed subschemes of P n of dimension n − c > 0 (resp. n − c = 0). Given integers a 1 ≤ a 2 ≤ ... ≤ a p and b 1 ≤ ... ≤ b q , we denote by W (b; a) (resp. W s (b; a)) the stratum in Hilb(P n ) consisting of good (resp. standard) determinantal schemes where f ij are homogeneous polynomials of degrees a j − b i . Then W s (b; a) is irreducible and W (b; a) = ∅ if and only if W s (b; a) = ∅ (Corollary 2.1).
In this paper we focus, notably for zero dimensional schemes, on the following problems. This paper generalizes and completes several results of [25] and [26] for schemes of dimension 0 or 1. Moreover we announced in [26] , Rem. 6.3 that [25] , §10 contains inaccurate results in the zero dimensional case, which we fully correct in this paper (Remark 4.26) .
By successively deleting columns of the matrix associated to a determinantal scheme X, we get a nest ("flag") of closed subschemes X = X c ⊂ X c−1 ⊂ ... ⊂ X 2 ⊂ P n . We prove our results inductively by considering the smoothness of the Hilbert flag scheme of pairs and its natural projections into the Hilbert schemes. Note that, for c = 2, one knows that the closure W (b; a) is a generically smooth irreducible component of Hilb(P n ) (i.e. Hilb(P n ) is smooth along some non-empty open subset U of Hilb(P n ) satisfying U ⊂ W (b; a)), see Theorem 4.10.
In this approach we need to prove that certain (kernels of) Ext 1 -groups vanish or to compute its dimensions. If dim X = 1 (resp. 0), then one (resp. 2 or 3) of these Ext 1 -groups may be non-zero and its dimension (resp. the sum of its dimensions) is precisely the codimension of W (b; a) in Hilb(P n ) under certain assumptions, see Theorem 4.19, Proposition 4.24 and Proposition 4.15 of Section 4. These are main results of this paper, together with the key Proposition 4.6 which through Proposition 4.13 and Lemma 4. 4 give the tools we need in the proofs. As a consequence, if the mentioned Ext 1 -groups vanish and c ≤ 5 or 6, we get that the closure W (b; a) is a generically smooth irreducible component of Hilb(P n ) and that every deformation of a general X of W (b; a) comes from deforming the defining matrix (f ij ) of X. Note that this conclusion holds if dim X ≥ 2 and 3 ≤ c ≤ 4 because the above Ext 1 -groups vanish by [26] and [25] . If the codimension of W (b; a) in Hilb(P n ) is positive, there are deformations of X which do not come from deforming the matrix (f ij ). In the proofs we use results of [26] and [25] (see Section 3 which also contains a counterexample to the Conjectures of [26] in the case dim X = 0), as well as the Eagon-Northcott and Buchsbaum-Rim complexes ( [9] , [5] , [10] ). We give many examples, supported by Macaulay 2 computations [13] , to illustrate the results.
As an application we expect that the results for zero dimensional schemes X = Proj(A) of this paper, together with the main result of [23] in which artinian Gorenstein rings are obtained by dividing A with ideals being isomorphic to a fixed twist of the canonical module of A, can be used in the classification of Gorenstein quotients of a polynomial ring of e.g. codimension 4 from the point of view of determining PGor(H), cf. [20] , [22] .
Some of the results of this paper were lectured at the "4th World Conference on 21st Century Mathematics 2009" in Lahore in March 2009. The author thanks the organizers for their hospitality. Moreover I thank prof. R.M. Miró-Roig at Barcelona for interesting comments and our discussion on the Conjectures 3.1 and 3.2 and the counterexample 3.3.
Notation: In this paper P := P n will be the projective n-space over an algebraically closed field k, R = k[x 0 , x 1 , . . . , x n ] is a polynomial ring and m = (x 0 , . . . , x n ).
We mainly keep the notations of [26] . If X ⊂ Y are closed subschemes of P n , we denote by I X/Y (resp. N X/Y ) the ideal (resp. normal) sheaf of X in Y . Note that by the codimension, codim Y X, of X in Y we simply mean dim Y − dim X, also in non arithmetically Cohen-Macaulay cases. For any closed subscheme X of P n of codimension c, we denote by I X its ideal sheaf, N X its normal sheaf, I X = H 0 * (I X ) its saturated homogeneous ideal and we let ω X = Ext c O P n (O X , O P n )(−n − 1). When we write X = Proj(A) we take A := R/I X and K A = Ext c R (A, R)(−n − 1). We denote the group of morphisms between coherent O X -modules by Hom O X (F , G) while Hom O X (F , G) denotes the sheaf of local morphisms. Moreover we set hom(F , G) = dim k Hom(F , G) and we correspondingly use small letters for the dimension, as a k-vector space, of similar groups.
We denote the Hilbert scheme by Hilb p (P n ), p the Hilbert polynomial [14] , and (X) ∈ Hilb p (P n ) for the point which corresponds to the subscheme X ⊂ P n . We denote by GradAlg(H), or Hilb H (P n ), the representing object of the functor which parameterizes flat families of graded quotients A of R of depth A ≥ min(1, dim A) and with Hilbert function H ( [22] , [23] ), and we call it "the postulation Hilbert scheme" ( [24] , §1.1) even though it may be different from the parameter space studied by Gotzmann, Iarrobino and others ( [12] , [20] ) who study the "same" scheme with the reduced scheme structure (ours may be non-reduced and is equivalent to the Hilbert scheme of constant postulation considered in [34] in the curve case. They are both special cases of the multigraded Hilbert scheme of Haiman and Sturmfels [17] ). Again we let (A), or (X) where X = Proj(A), denote the point of GradAlg(H) which corresponds to A. Note that if depth m A ≥ 1 and
and hence we have an isomorphism 0 Hom(I X , A) ≃ H 0 (N X ) of their tangent spaces (cf. [11] for the case depth m A ≥ 2, and [23] , (9) for the general case). If (1.1) holds and X is generically a complete intersection, then 0 Ext
is an obstruction space of GradAlg(H) and hence of Hilb p (P n ) at (X) ( [23] , §1.1). When we simply write Hilb(P n ), we interpret it as the Hilbert scheme (resp. postulation Hilbert scheme) if n − c > 0 (resp. n − c = 0). By definition X (resp. A) is unobstructed if Hilb p (P n ) (resp. Hilb H (P n )) is smooth at (X). Note that we called X H-unobstructed in [25] if A was unobstructed.
We say that X is general in some irreducible subset W ⊂ Hilb(P n ) if (X) belongs to a sufficiently small open subset U of W (so any (X) in U has all the openness properties that we want to require).
Background
In this section we recall some basic results on standard (resp. good) determinantal schemes needed in the sequel, see [3] , [10] and [2] for more details. Let
be a graded morphism of free R-modules and let
, deg f ij = a j − b i , be a t × (t + c − 1) homogeneous matrix which represents the dual ϕ * := Hom R (ϕ, R). Let I(A) = I t (A) (or I t (ϕ)) be the ideal of R generated by the maximal minors of A. In the following we always suppose
Recall that a codimension c subscheme X ⊂ P n is standard determinantal if I X = I(A) for some homogeneous t × (t + c − 1) matrix A as above. Moreover X ⊂ P n is a good determinantal scheme if additionally, A contains a (t − 1) × (t + c − 1) submatrix (allowing a change of basis if necessary) whose ideal of maximal minors defines a scheme of codimension c + 1. Note that if X is standard determinantal and a generic complete intersection in P n , then X is good determinantal, and conversely [28] , Thm. 3.4. Without loss of generality we assume that A is minimal; i.e., f ij = 0 for all i, j with b i = a j .
Let W (b; a) (resp. W s (b; a)) be the stratum in Hilb(P n ) consisting of good (resp. standard) determinantal schemes. By [26] , Cor. 2.5 and see the end of p. 2877, we get Let A := R/I t (A) and M := coker(ϕ * ). Using the generalized Koszul complexes associated to a codimension c standard determinantal scheme X, one knows that the Eagon-Northcott complex yields the following minimal free resolution
of A and that the Buchsbaum-Rim complex yields a minimal free resolution of M;
See, for instance [3] ; Thm. 2.20 and [10] ; Cor. A2.12 and Cor. A2.13. Note that (2.2) show that any standard determinantal scheme is arithmetically Cohen-Macaulay (ACM).
Let B be the matrix obtained deleting the last column of A and let B be the k-algebra given by the maximal minors of B. Let Y = Proj(B). The transpose of B induces a map φ :
j=0 R(a j ). Let M B be the cokernel of φ * = Hom R (φ, R) and let M A = M. In this situation we recall that there is an exact sequence
is a regular section given by the last column of A. Moreover,
is exact by [28] or [25] , (3.1), i.e. we may put I X/Y := M B (a t+c−2 ) * . Due to (2.3), M is a maximal Cohen-Macaulay A-module, and so is I X/Y by (2.5). By [10] we have K A (n + 1) ≃ S c−1 M A (ℓ c ), and hence K B (n + 1) ≃ S c−2 M B (ℓ c−1 ), where (2.6)
Hence by successively deleting columns from the right hand side of A, and taking maximal minors, one gets a flag of determinantal subschemes
where each X i+1 ⊂ X i (with ideal sheaf I X i+1 /X i = I i ) is of codimension 1, X i ⊂ P n is of codimension i and where there exist O X i -modules M i fitting into short exact sequences
and M 2 is a twist of the canonical module of X 2 . In this context we let
Remark 2.2. Let α be a positive integer. If X is general in W (b; a) and u i−min(α,t),i = a i−min(α,t) − b i ≥ 0 for min(α, t) ≤ i ≤ t, then X j , for all j = 2, · · · , c, is non-singular except for a subset of codimension at least min{2α − 1, j + 2}, i.e.
(2.9) codim X j Sing(X j ) ≥ min{2α − 1, j + 2}.
As observed in Rem. 2.7 of [26] , this follows from the Theorem of [6] by arguing as in [6] , Example 2.1. See [35] for a special case. In particular, if α ≥ 3, we get that for each i > 0, the closed embeddings X i ⊂ P n and X i+1 ⊂ X i are local complete intersections outside some set Z i of codimension at least min (4 
In what follows we always let Z ⊂ X (and similarly for Z i ⊂ X i ) be some closed subset such that U := X − Z ֒→ P n (resp. U i := X i − Z i ֒→ P n ) is a local complete intersection (l.c.i.). Since the 1. Fitting ideal of M is equal to I t−1 (ϕ), we get thatM is locally free of rank one precisely on X − V (I t−1 (ϕ)) [2] , Lem. 1.4.8. Since the set of non locally complete intersection points of X ֒→ P n is exactly V (I t−1 (ϕ)) by e.g. [37] , Lem. 1.8, we get that U ⊂ X − V (I t−1 (ϕ)) and thatM is locally free on U. Indeed M i and I X i /I 
) is an isomorphism (resp. an injection) for i < r (resp. i = r), and
3. The dimension of the determinantal locus
In [26] we conjectured the dimension of W (b; a) in terms of the invariant
Here the indices belonging to a j (resp. b i ) range over 0 ≤ j ≤ t + c − 2 (resp. 1 ≤ i ≤ t), a n = 0 if a < n and we always suppose W (b; a) = ∅ in the following, cf. Corollary 2.1.
h 1 +b i n and in general
For the special case where all the entries of A have the same degree, this means: 
In [26] we proved that the right hand side in the formula for dim W (b; a) in the Conjectures is always an upper bound for dim W (b; a) ( [26] , Thm. 3.5), and moreover, that the Conjectures hold in the range This contradicts both conjectures for every c ≥ 3.
We have, however, looked at many examples in the range a 0 > b t where we have used Macaulay 2 to compute necessary invariants (cf. (3.3) below), without finding more counterexamples. The counterexample we have is only for zero dimensional schemes. Now we recall a few statements from the proof of (3.2) and a variation which we will need in the next section. In the proof we used induction on c by successively deleting columns of the largest possible degree. Hence we computed the dimension of W (b; a), a = a 0 , a 1 , ..., a t+c−2 in terms of dimension of W (b; a ′ ), where a ′ = a 0 , a 1 , ..., a t+c−3 . As in §2, we let X = Proj(A) belong to W (b; a) and we let Y = Proj(B), (Y ) ∈ W (b; a ′ ), be obtained by deleting the last column of A. We have
We also get equality in (3.3), as well as
Proof. Indeed the proof of Thm. 4.5 of [26] contains the ideas we need, but since the assumptions of Thm. 4.5 are different, we include a proof. First we remark that we have
by [26] , Prop. 3.13 which combined with the assumption on dim W (b; a ′ ) yields
Next by [26] , Prop. 4.1 we have the inequality
Since K c = 0 hom(coker ϕ, R(a t+c−2 )) by definition (see [26] , Prop. 3.12 and (3.14)) we can use (2.3) and (2.4) to get
Now looking at (3.1) and noticing that λ c−1 is defined by the analogous expression where
, it follows after a straightforward computation that
Combining with (3.3), we get
Hence all inequalities of displayed formulas in this proof are equalities and we are done. 
3) for X general, and Conjecture 3.1 hold provided 3 ≤ c ≤ 5 (resp. c > 5) and a t+c−2 > a t−2 (resp. a t+3 > a t−2 ) by [27] , Thm 3.2.
the codimension of the determinantal locus
In this section we consider the problem of when the closure of W (b; a) is an irreducible component of Hilb(P n ). If it is not a component, we determine its codimension in Hilb(P n ) under certain assumptions. We also examine when Hilb(P n ) is generically smooth along W (b; a). Moreover we have chosen to introduce the notion "every deformation of X comes from deforming A" because it gives the main reason for why W (b; a) is not always an irreducible component of Hilb(P n ). In the case the determinantal schemes are of dimension zero or one, then W (b; a) is not necessarily an irreducible component of Hilb(P n ), as the following example shows. (ii) Let n = c + 1. Then X is a smooth connected curve in P c+1 of degree d = 2c + 1 and genus g = c. Since the dimension of W (b; a) is at most the conjectured value, which is c 2 +7c+2, and since the dimension of the Hilbert scheme is at least (n+1)d+(n−3)(1−g) = c 2 + 8c, it follows that W (0, 0; 1, 1, ..., 1, 2) is not an irreducible component of Hilb
In what follows we briefly say "T a local ring" (resp. "T artinian") for a local k-algebra (T, m T ) essentially of finite type over k = T /m T (resp. such that m r T = 0 for some integer r). Moreover we say "T → S is a small artinian surjection" provided there is a morphism (T, m T ) → (S, m S ) of local artinian k-algebras whose kernel a satisfies a · m T = 0.
Let A = R/I t (A). If T is a local ring, we denote by A T = (f ij,T ) a matrix of homogeneous polynomials belonging to the graded polynomial algebra
Note that all elements from T are considered to be of degree zero.
Once having such a matrix A T , we get an induced morphism
, is a standard determinantal scheme, then A T := R T /I t (A T ) and M T are (flat) graded deformations of A and M respectively for every choice of A T as above. In particular
Proof. Consulting (2.2) and (2.3) we see that the Eagon-Northcott and Buchsbaum-Rim complexes are functorial in the sense that, over R T , all free modules and all morphisms in these complexes are induced by ϕ T , i.e. they are determined by A T . Since these complexes become free resolutions of A and M respectively when we tensor with k over T , it follows that A T and M T are flat over T and satisfy
, be a standard determinantal scheme.
We say "every deformation of X comes from deforming A" if for every local ring T and every graded deformation R T → A T of R → A to T , then A T is of the form A T = R T /I t (A T ) for some A T as above. Note that by (1.1) we can in this definition replace "graded deformations of R → A" by "deformations of X ֒→ P n " provided dim X ≥ 1.
Proof. Let T → S be a small artinian surjection and let A S be a deformation of A to S. By assumption, A S = R S /I t (A S ) for some matrix A S . Since T → S is surjective, we can lift each f ij,S to a polynomial f ij,T with coefficients in T such that f ij,T ⊗ T S = f ij,S . By Lemma 4.2 it follows that A T := R T /I t (A T ) is flat over T . Since A T ⊗ T S = A S we get the unobstructedness of A, as well as the unobstructedness of X in the case dim X ≥ 1 by (1.1). Finally let T be the local ring of Hilb(P n ) at (X) and let A T , or Proj(A T ) if dim X ≥ 1, be the pullback of the universal object of Hilb(P n ) to Spec(T ). Then there is a matrix
is an open neighborhood of (X) for which the Eagon-Northcott complex associated to the matrix Remark 4.5. The arguments of these lemmas, which rely on the fact that we get T -flat schemes by just parameterizing the polynomials of A over a local ring T , seem to be known, see e.g. Laksov's papers [30] , [29] where he looks to flat families of determinantal schemes and their singular loci for arbitrary determinantal schemes. Indeed we may expect from Laksov's papers (or prove by other arguments, as we remember Laksov did in a talk at the university of Oslo in the 70's) that families of arbitrary determinantal schemes obtained by parameterizing polynomials as above are T -flat; thus he mainly shows the unobstructedness part of Lemma 4.4. Since we in this paper only look at determinantal schemes defined through maximal minors, our proofs are rather easy. Surprisingly enough the corresponding unobstructedness result of the R-module M (of maximal grade [4] ) seems less known. Indeed one may prove the unobstructedness of M as we did for A in Lemma 4.4 because we from the Buchsbaum-Rim complex may see that every deformation of M to T comes from deforming A. We have learned, by distributing a preliminary version of this paper to specialists in deformations of modules, that the unobstructedness of M was proved in Runar Ile's PhD thesis, cf. [21] , ch. 6 (Lem. 6.1.2 or Cor. 6.1.4).
The following result is a key proposition to our work in this section. Here the morphisms of the Ext 1 -groups are induced by the inclusion I X/Y ֒→ B, e.g. Then every deformation of X comes from deforming A. Moreover 
* , we get a map which fits into a commutative diagram
where the lower isomorphism follows from the fact that M B is maximally CM, i.e. from depth I(Z) M B = depth I(Z) B ≥ 2. Note that since an M B -regular sequence lifts to an M B T -regular sequence, we also have sufficient depth to get the upper isomorphism. Hence we get a section B T → M B T (a t+c−2 ) and an induced matrix A T , as required. . Under the assumption (2) the vertical sequence is exact. We claim that δ = 0. To see it, it suffices to prove that T pr 1 is surjective. The cartesian diagram is, however, well understood in terms of the deformation theory of the Hilbert flag scheme. Indeed if we take an arbitrary deformation B S of B to the dual numbers S := k[t]/(t 2 ), then T pr 1 is surjective provided we can prove that there is a deformation (B S → A S ) of (B → A) to S. The latter follows from the first part of the proof, or simply, from the assumption (3) because we by (3) get B S = R S /I t (B S ) for some matrix B S and we can take A S = [B S , v S ] where v S is any lifting of the last column of A to S. Letting A S := R S /I t (A S ) we get the claim.
Since we have dim (X) Hilb(P n ) = 0 hom(I X 
Moreover every deformation of a general (X) ∈ W (b; a) comes from deforming A.
For c > 2 this result is really [26] , Thm. 5.1 and Cor. 5.3 except for the final statement. Since, however, the proof of Theorem 4.10 is to apply Proposition 4.6 inductively to the flag (2.7), starting with the codimension 2 case where we by Lemma 4.11 know that the final statement holds, the proof of [26] extends to get Theorem 4.10 for c > 2. If c = 2 we get the other conclusions (and even more) from [11] for n > 2 and from works of Gotzmann and others for n = 2 as explained in [24] , Rem. 22 (i), or see [26] , Rem. 4.6 for a direct approach to dim W (b; a) = λ 2 . (We also get all conclusions for c = 2 by combining Lemma 4.11 and Lemma 4.4.) Lemma 4.11. If X = Proj(A), A = R/I t (A), is a standard determinantal scheme of codimension 2 in P n and n ≥ 2, then every deformation of X comes from deforming A.
Proof. Let A = (f ij ) be a homogeneous t × (t + 1) matrix which represents the morphism ϕ * of (2.1) and let R T → A T be a graded deformation of R → A to a local ring T . To see that A T is of the form A T = R T /I t (A T ) for some matrix A T reducing to A via (−) ⊗ T k, we consider the canonical module K A = Ext Let A ′ := R T /I t (A T ). It suffices to show that A ′ and A T are isomorphic as R T quotients. Looking to the Eagon-Northcott complex associated to A ′ over R T and dualizing, i.e. applying Hom R T (−, R T ) to it, we get back the part of the Buchsbaum-Rim complex where ϕ *
T appeared (up to twist). It follows that K
. Note that the Buchsbaum-Rim complex above is a free resolution of K A ′ (n + 1 − ℓ 1 ) over R T since it is T -flat and reduces to a R-free resolution via a (−)
. Similarly by dualizing twice an R Tfree resolution of A T we show that A T ≃ Ext 2 R T (K A T , R T )(−n − 1) and we are done.
Remark 4.12. If we apply Proposition 4.6 successively to the flag (2.7) it is straightforward to generalize Thm. 5.1 of [26] to the zero dimensional case, i.e. we may replace the condition n ≥ 1 of [26] , Thm. 5.1 by n ≥ 0 provided we in (i) of Thm. 5.1 (and correspondingly in (ii) of Thm. 5.1) replace the depth ≥ 3 condition by the condition (1) of Proposition 4.6.
There is a variation to Proposition 4.6 that we will use in the case n = c (dim X = 0) in which we mainly replace the injectivity assumption in (1) 
Y , B) is injective, and (3) Y is unobstructed (this is weaker than (3) in Proposition 4.6).
Then A is unobstructed and the postulation Hilbert scheme Hilb
Proof. Let T → S be a small artinian surjection with kernel a, and let R S → A S be any graded deformation of R → A to S. By Remark 4.8, there is a graded deformation R S → B S of R → B and a morphism B S → A S . By assumption (3) (1), and it follows that A is unobstructed.
Finally we get the dimension formula from (4.2). Indeed the arguments are almost exactly the same as in the proof of Proposition 4.6 with the variation that (4.3) now implies
Remark 4.14. We say that "A is unobstructed along any graded deformation of B" (call this phrase (*)) if for every small artinian surjection T → S and for every graded (ii) The vanishing of the Ext 1 -group of (ii) implies that X is unobstructed (X is l.c.i. by Remark 2.2), and moreover that im δ ≃ 0 Ext (iii) As in (ii) we get 0 hom(I X , A) − dim W (b; a) = dim ker τ X/Y − im δ and hence the inequality of (iii). If the 0 Ext 1 B (I X/Y , A) vanishes, then im δ = 0, and since one knows that X is unobstructed if and only if we have equality in h 0 (N X ) ≥ dim (X) Hilb p (P n ), we conclude easily. We can also analyze the cases m = 1 and 2 by using Proposition 4.15 (i). Note that we now delete the column of degree 3 polynomials to define B, i.e. we let Y be defined by the maximal minors of the 2 × 3 matrix B consisting of linear (resp. degree m) entries in the first and second (resp. third) column. If m = 1 (resp. m = 2) one verifies that . It seems that this group is always non-zero for every m ≥ 1. This, we think, shows that the results presented here are quite strong because it is hard to show unobstructedness and to find dim (Xm) Hilb H (P n ) when even the "smallest known obstruction group, 0 Ext 1 A (I Xm /I 2 Xm , A)," does not vanish. Now we consider zero dimensional determinantal schemes (n − c = 0). Indeed Proposition 4.6 with depth I(Z) B = 2 and Proposition 4.13 are designed to take care of this case. We restrict our attention to a general X which through Remark 2.2 imply that all depth conditions of the propositions are satisfied. Then our result leads e.g. to the unobstructedness of A where X = Proj(A). In fact for special choices of X, A may be obstructed [36] . First we consider codimension c = 3 determinantal subschemes and schemes with c ≥ 4 which we may treat similarly. 
Moreover if
if and only if A is unobstructed.
Proof. In all cases we use Proposition 3. (iv) The proof is similar to the last part of (iii), cf. the proof of Proposition 4.15 (iv).
Remark 4.20. (i) Looking to the proofs we see that we don't need to suppose (3.3) to get the conclusions of (i) and (ii) which don't involve dimension and codimension formulas.
(ii) Note the overlap in (ii) and (iv) of the theorem.
In [25] , Ex. Xm , A) for many m ≥ 3, and combined with some theoretical arguments (which we don't take here) we can conclude that this group is always non-zero for every m ≥ 4. Again, we think, this shows that the results presented here are quite strong because it is really hard to show unobstructedness when even the "smallest known obstruction group, 0 Ext Hence we get the inequality of (ii), and furthermore, if the two Ext 1 -groups of (ii) vanish then the inequality of (ii) is an equality if and only if dim (X) Hilb H (P c ) = 0 hom(I X , A) and we are done. 
